Abstract. It is proved that the set of states on a separable C*-subalgebra of the Calkin algebra may be simultaneously extended to a set of equivalent, orthogonal, pure states on the Calkin algebra.
Let 31 denote a separable C*-algebra of operators acting on a separable Hubert space % and suppose that 3Í contains the identity. In [2] Glimm proved that the weak*-closure of the set of vector states on 31 (i.e., states on 21 of the form ux(A) = (Ax, x), where A G 31 and x is a unit vector in %) contains the set S (31) of all states on 3Í which annihilate 31 n %(%). (%(%) denotes the compact operators acting on %.) Voiculescu used this result in [3] in the proof of his noncommutative Weyl-von Neumann theorem. In this note Voiculescu's theorem shall be used to obtain a stronger version of Glimm's result: There is a sequence {<on} of vector states, induced by an orthonormal set of vectors in %, such that S (31) is contained in the weak*-closure of {un}. (It should be noted that Glimm's theorem holds without any separability assumptions so that the theorem to be proved here is stronger only in the separable case.)
This theorem, together with a theorem from [1] , yields a somewhat surprising corollary: There is a set S consisting of equivalent, orthogonal, pure states on % (%), the bounded linear operators on %, such that every state in S (31) is a restriction of a state in S. In particular, if f is any state on a separable C*-subalgebra of the Calkin algebra, %(%)/%(%), then there is a pure state g on the Calkin algebra which extends f.
To prove the theorem, note that since 31 is separable, .5(31) is weak*-metrizable and compact and so contains a countable dense set, say {/,}.
Let p denote the canonical homomorphism of "3J {%) onto the Calkin algebra. Then each state/, determines a state gn on/?(31) such that/,, = gn ° p. for A E 3Í. The proof is complete.
Note that the choice of $ in the proof above is far from unique. In fact, there are 2C disjoint sets of states on % (%) which have the desired properties. (As usual, c denotes the cardinality of the continuum.) Furthermore, by altering the proof somewhat, it is possible to choose a set S ' of disjoint (i.e., inequivalent) pure states on $ (%) such that S '|a = S (31).
As an example, take 31 to be an isometric isomorphic image of C(0, 1), the continuous functions on the unit interval, in <$>(%). Then 31 n %(%) -{0} and S (31) is the entire set of states on 31. Hence, every state on 3Í (including integration) extends to a pure state on <& (%).
In conclusion, it seems worth noting that the fact that states in § (3Í) extend to pure states on iB(3C) may be proved without recourse to Voiculescu's theorem. Indeed, by a theorem of Wils [4], if / E S (31), then / = lim^wL icense or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use where % is a free ultrafilter on the natural numbers and {xn} is a sequence of unit vectors in % such that lim^x,,, v) = 0 for all ^ in %. Straightforward arguments using the separabilility of 3Í can then be used to show that /=lim,,a> , where {en} is an orthonormal sequence in &. The proof is completed, as before, by invoking Corollary 3 of [1] .
